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Vectors

Vectors in AP® Calculus BC

Nancy Stephenson
Clements High School
Sugar Land, Texas

Introduction

According to the AP® Calculus BC Course Description, students in Calculus BC are
required to know:

Analysis of planar curves given in parametric form and vector form, including
velocity and acceleration vectors

Derivatives of parametric and vector functions
The length of a curve, including a curve given in parametric form

What does this mean? For parametric equations x = f’ (t) and y = g(t) , students

should be able to:

1.

A

Sketch the curve defined by the parametric equations and eliminate the parameter.
y "y
Find — and —— and evaluate them for a given value of ¢.

dx dx
Write an equation for the tangent line to the curve for a given value of ¢.
Find the points of horizontal and vertical tangency.
Find the length of an arc of a curve given by parametric equations.

For vectors describing particle motion along a curve in terms of a time variable ¢,

students should be able to:

1.
2.

Find the velocity and acceleration vectors when given the position vector.

Given the components of the velocity vector and the position of the particle at a
particular value of ¢, find the position at another value of ¢.

Given the components of the acceleration vector and the velocity of the particle at
a particular value of ¢, find the velocity at another value of t.

Find the slope of the path of the particle for a given value of t.
Write an equation for the tangent line to the curve for a given value of ¢.

Find the values of t at which the line tangent to the path of the particle is
horizontal or vertical.

4

© 2010 The College Board.



Vectors

7. Find the speed of the particle (sometimes asked as the magnitude of the velocity
vector) at a given value of t.

8. Find the distance traveled by the particle for a given interval of time.

I like to start this unit with parametric equations, teaching the students the five
types of parametric problems listed above. Then I take a day to review the concept of
motion along a horizontal or vertical line, which they learned earlier in the year, as a
bridge to motion along a curve.

The unit on parametric equations and vectors takes me six days to cover (see the
following schedule), not including a test day. I teach on a traditional seven-period day;,
with 50 minutes in each class period.

Day 1 — Graphing parametric equations and eliminating the parameter
2

d d
Day 2 — Calculus of parametric equations: Finding d_y and d_); and
x X

evaluating them for a given value of ¢, finding points of horizontal and
vertical tangency, finding the length of an arc of a curve

Day 3 — Review of motion along a horizontal and vertical line. (The students
have studied this topic earlier in the year.)

Days 4, 5 and 6 — Particle motion along a curve (vectors):

« Finding the velocity and acceleration vectors when given the position vector;

« Given the components of the velocity vector and the position of the particle at one
value of t, finding the position of the particle at a different value of ;

+ Finding the slope of the path of the particle for a given value of t;

« Writing an equation for the tangent line to the curve for a given value of t;

« Finding the values of t at which the line tangent to the path of the particle
is horizontal or vertical;

« Finding the speed of the particle; and

« Finding the distance traveled by the particle for a given interval of time.

5
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Day 1: Graphing Parametric
Equations and Eliminating
the Parameter

My students have studied parametric equations and vectors in their precalculus course, so
this lesson is a review for them. Many of them have also studied parametric equations and
vectors in their physics course. If your textbook contains this material, you might want to

follow your book here.

Directions: Make a table of values and sketch the curve, indicating the direction of your
graph. Then eliminate the parameter.

(@) x=2t—1land y=1—¢

Solution: First make a table using various values of ¢, including negative numbers,
positive numbers and zero, and determine the x and y values that correspond to
these ¢ values.

t | 2 | - 0 1 2 3
x | 5 | 3 |4 1 3 5
y 3 2 1 0o | -1 | =2

Plot the ordered pairs (x, y), drawing an arrow on the graph to indicate its
direction as t increases.

Rian

+1
To eliminate the parameter, solve x =2¢—1 for ¢ = xT or t= Ex + 5 Then

. 1 1. . . 1 1
substitute t=5x+5 in place of t in the equation y = 1 -  to get y:—5x+5 .

Look at the graph of the parametric equations to see if this equation matches the
graph, and observe that it does.

6
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() x=+r,y=t+1

Solution: Since x = /¢ , we can use only nonnegative values for ¢.

t 0 1 4 9

x 0 1 2 3

y 1 2 5 10
,‘

To eliminate the parameter, solve x = Jt for ¢=x>. Then substitute ¢ = x* into
’s equation so that y = x* + 1. To make this equation match the graph, we must

restrict x so that it is greater than or equal to 0. The solution is y = x* +1, x > 0.

t
(c)x=F£-2andy= 5,—25153

Solution: First make a table using ¢ values that lie between -2 and 3, and
determine the x and y values that correspond to these ¢ values.

t 2 | 0 ! 2 3

x 2 0 2 |4 2 7

2 e [ L] 2

Y - 2 2 2
—

t 3
To eliminate the parameter, solve y = 5 for tto findthat t=2y, -1<y < 5 Then

substitute 2y in place of ¢ in the other equation so that x = 4y* —2 . To make this

7
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3
equation match the graph, we must restrict y so that it lies between —1 and 5 The

solution is x=4y2—2,—ISyS5.

(d) x=3+2cost, y=—1+3sin¢

t | o | 2 2
2 2 d
x | 5 | 3 1 3| s
y | 2| | 4]
N
\Nn...d"

Solution: To eliminate the parameter, solve for cos ¢ in x’s equation to get

xX— L . ) +1 . .
Cost= and sin 7 in y’s equation to get sin ¢ = yT Substitute into the
2 2
i . . 2 L2 (x—3) (y+1) _ :
rigonometric identity cos”¢+sin"¢ =1 to get 4 + o 1. Discuss

with the students the fact that this is an ellipse centered at the point (3, -1) with a

horizontal axis of length 4 and a vertical axis of length 6.

Day 1 Homework

Make a table of values and sketch the curve, indicating the direction of your graph. Then
eliminate the parameter. Do not use your calculator.

1. x=2t+1 and y=¢-1
2. x=2tand y=1*,-1<¢<2
3. x=2-1" and y=t¢
4. x=+t and y=¢-3
5. x=t—2 and y=1—\/;
8
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6. x=2¢and yz‘t—l‘

1
7. x=t and y=—
t
8. x=2cost—1land y=3sint+1

9. x=2sint—1and y=cost+2

10. x=sect and y=tant

Answers to Day 1 Homework

1. x=2t+1 and y=¢-1

t | 2 | 4 0 1 2

x | 3 | -1 1 3 5

y | 3| =2 | 4 0 1
o

1 1
To eliminate the parameter, solve for ¢ = PR Substitute into y’s equation to get

y=—x——.

2 2

2. x=2tand y=1*,-1<¢<2

t| -l 0 1
x| -2 0 2 4
y| 1 0 1 4
S
9
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x , .
To eliminate the parameter, solve for ¢ = 5 Substitute into y’s equation to get

x° 2
y= E —2 < x <4. (Note: The restriction on x is needed for the graph of y = 7

to match the parametric graph.)

3. x=2—¢" and y=t

t -2 -1 0 1 2
X -2 1 2 1 -2
y | 2| <1 ] o 1 2
T———
-

To eliminate the parameter, notice that ¢ = y. Substitute into x’s equation to get
x=2-y%

4. x=2-¢" and y=¢-3

t 0 1 4 9
X 0 1 2 3
y -3 -2 1 6

To eliminate the parameter, solve for t = x*. Substitute into y’s equation to get y = x*

- 3,2 0. (Note: The restriction on x is needed for the graph of y = x* - 3 to match
the parametric graph.)

10
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5. x=t-2 and y:I—\/t

t 0 1 4 9
X -2 -1 7
y 1 0o | -1 | =2

T—

To eliminate the parameter, solve for # = x 4+ 2, x > -2 (since ¢ > 0). Substitute into

y’s equationto get y=1—-+x+2.

6. x=2¢tand y=|t—1|

t 2 | 0 1 2 3

x | 4 | =2 0 2 4 6

y 3 2 1 0 1 2
~- >

x
To eliminate the parameter, solve for # = —. Substitute into y’s equation to get

-2
or y=——-.

X
== -1
=

11
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2 L 1 | 2
t | - - 2 2
2 T L B 1 | 2
X - - 2 2
1 1
y Z 1 4 und. 4 1 Z
A

To eliminate the parameter, notice that ¢ = x. Substitute into y’s equation to get

8. x=2cost—1land y=3sint+1

0 z 3—” 2
t > T > b4
X 1 -1 -3 -1 1
y 1 4 1 -2 1

/N
X

To eliminate the parameter, solve for cost in x’s equation and sint in y’s equation.
Substitute into the trigonometric identity cos” ¢ +sin¢ =1 to get
2 2
x+1 y—1
el (-1
4 9

12
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9. x=2sint-land y=cost+2

0 z 3_7r 2

t 5 T 4 T
X -1 1 -1 -3 -1
y 3 2 1 2 3

D

Vectors

To eliminate the parameter, solve for cos ¢ in y’s equation and sin ¢ in x’s equation.

Substitute into the trigonometric identity cos*t + sin*t = 1 to get

y +(y-2) =1.

10. x=sectandy=tant

i

/

N\

/

NEXERE: sl o [ 7n |

t 4 2 4 T | 4 2 4 T

X 1 V2 lund. | =2 | -1 | V2 |und. | V2 1

¥y 0 I |und | -1 0 I |und | -1 0
/

To eliminate the parameter, substitute into the trigonometric identity 1 + tan’t =

sec’ttogetl + y’=x’orx* - y*=1.

13

© 2010 The College Board.



Vectors

Day 2: Parametric Equations
and Calculus

If your textbook contains this material, you might want to follow your book here.

Formulas to Know

If a smooth curve C is given by the equations x = f(t) and y = g(¢), then the slope of C at

dy
the point (x, y) is given by Z— = ;h where d_t # 0, and the second derivative is given by
x dx
dt
d’ d|d j[;’b/J d @ dx
t
—J; SRALAE . The reason that = = -4 , where — # 0, is the Chain Rule:
dx”  dx| dx dx dx  dx’ dt
dt dr
Since y is a function of x, and x is a function of ¢, the Chain Rule gives dy _dy & ,
dt dx dt
dy
@ _dr dx , , dy
hence , where — # 0. Applying this formula to — and x rather than to y and
dx  dx’ dt dx
dt
? dt| dx
x,wehaved—zziﬂ aml
dx” dx| dx @
dt
d
Or, applying the Chain Rule: Since d_y is a function of x, and x is a function of ¢,
X
didy
N dldy|_d|dy| dx _ dydxh d’y dt|dx
WS Gt dx | dx|dx | dr - ax de " T de
dt
14
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Example 1 (no calculator): Given the parametric equations x = 2\t and y=3t-2¢,find

2
il and 4y .
dx dx’
Solution:
dy . . . o
To find 2 Ve must differentiate both of the parametric equations with respect to .
X
dy d l-5_/
Since &= 4132 _2/]=6r-2 and 2= [2\@: 173207, then
dt dt dt 2
dy
drdx t_A
dt
? d d.
To find —)2/ , we must differentiate 2 with respect to ¢ and divide by £,
dx dx d
dldv] df s o n
2 _ /2
d’y _ df[dX} dt[& . } o2 (2 9/ ) -
d*  dx dx dx < 4 '
dt dt dt

Example 2 (no calculator): Given the parametric equations x = 4cost and y = 3 sint, write

: : . r
an equation of the tangent line to the curve at the point where ¢ = e

Solution:

dy E 7[3511”:' 3cost 3

d d 4si Z—ZCOtt.
T f[4cost] —asint
dt
Whent=3—njﬂ=_é(_1)=§’ Y= (_£]=_2\/_ and y = 3{\/5] 3\/5
4 dx 4 4 2 > 5

3 3
Therefore the tangent line equation is: y — i = (x + 232 )

(Remind students that they may leave their tangent line equations in point-slope form.)

15
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Example 3 (no calculator): Find all points of horizontal and vertical tangency given the

parametric equations x = £ +t, y= 1* =3t +5.

Solution:
dy d 2
Q:E: E[t —3t+5] _ 2%4—3
dx dx i[tz_i_t] 2t+1
dt dt

d
A horizontal tangent will occur when d_y =0, which happens when 2t -3 =10
X

3 3
(and 27 + 1 # 0 ), so a horizontal tangent occurs at t = 5 Substituting ¢ = 5 into the given

15 11
equations, we find that a horizontal tangent will occur at {Z, ZJ A vertical tangent

d
will occur when d_y is undefined, which happens when 2t + 1 =0 (and 2t -3 #0),s0 a
x

1 1
vertical tangent occurs at £ = — 5> Substituting ¢ = — 5 into the given equations, we find

. . 1 27
that a vertical tangent will occur at | — il

Example 4 (no calculator): Set up an integral expression for the arc length of the curve
given by the parametric equations x = #* + 1, y =4 - 1, 0 < t < 1. Do not evaluate.

Solution:

For parametric equations x = f(¢) and y = g(t), a < t < b, the formula for arc length is:
2 2
b
s = J dax + & dt.
a\[\ dt dt

For our problem, dx = 1[12 + 1] =2t and & = 1[413 - 1] =12¢?, so the arc
dt dt dt dt

1 1
length is given by the integral expression s = .[o (21‘)2 + (12t2 )2 dt = JOV4t2 +144¢* dr .

16
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Day 2 Homework

Do not use your calculator on the following problems.

AN T o

9.
10.

dy

2"

On problems 1-5, find & and
dx dx

x=t,y=t"+6t+5

x=t£+1y=20-¢

x=xﬁ,y=3t2+2t

x=Int, y=1>+1

x=3sint+2, y=4cost—1

A curve Cis defined by the parametric equations  — ;2 4 ;_1 1, = — ;2. Find:
(a) d—i} in terms of ¢.

(b) an equation of the tangent line to C at the point where ¢ = 2.

A curve C is defined by the parametric equations x =2cos ¢, y =3sin ¢. Find:
d
(a) Y in terms of t.
X

T
(b) an equation of the tangent line to C at the point where ¢ = 1

On problems 8-10, find:

d
(a) Y in terms of ¢.
dx
(b) all points of horizontal and vertical tangency.
x=t+5,y=t"—4
x=t'—t+1,y=0 -3t
x=3+2cost, y=—1+4sint, 0<¢t<2rx

On problems 11-12, a curve C is defined by the parametric equations given. For

each problem, write an integral expression that represents the length of the arc of the
curve over the given interval.

11. x=1%, y=1,0<¢<2

12. x=e* +1,y=3t—1,-2<t<2

17
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Answers to Day 2 Homework

1. Since Q:i[ﬂ+6z+5]=2z+6 and @:i[ﬂ]:zt,

dt dt dt dt
dy
thenﬂzﬁ—ZH_6=1+E
dx @ 2t t
dt
*y dy x
To find , we must differentiate — with respect to t and divide by —:
dx dx dt
dldy| d|, .3 33
dy dt| dx dt t] 2 23
d* dx dc  dx 2t 27
dt dt dt
2. Q:i[zﬁ—ﬂ]:mz—zz and @:i[ﬁﬂ]:zz
dt dt dt dt
@,
dy _ g _600-2
dx @ 2t
dt
d
dy _ dt[dx} [3f—]_ 303
e dx dx _@_21‘
dt dt dt
1
3. dy d[St +2t] 6¢t+2 and ﬂ:i[\/q:lt 2
dtdt dt dt 2
Q 3 1
Y _dr Ot _ypp g0
dx @ 1—7
a2l
3 1
d[dy} d{12t2+4t2} [ T T |
dtl d dt 2 2 2 2
dy X :18t +2¢ 18t +2¢ _36r44
a’dv dx dx L3
dt dt dt !
18
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dy d[t +t] 2t+1 and %:%[lnt]=%

dt dt

dy
Q:ﬁ:wzzﬂ_”
dx dx 1

?
d 2
y dt dx j 1] 4+l 441

=417 +1¢
dl‘ dl‘ dt t
d d d d
—y=—|:4cost—l]=—4sint and —x=—[3sint+2]=3cost
dt dt dt dt
dy
dy dt _ _4smt:—itant
dx dx  3cost 3
dt
d| d d| 4
T S tan —ﬂseczt —iseczt
dy dt|dx dr| 3 3 3 4 4
= = = = =——Sec’ t
dx? dx dx dx 3cost 9
dt dt dt
(a) dy _ 32 -2t
dx  2t+1

dy 3-2°-2-2 8
(b) Whent:Z,—yz—z— x=5and y =4, so the tangent line
dx 2-2+1 5

equationis y—4= %(x - 5).

19
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Q_ 3cost 3

7. (a) = — =——cot .
dx —2sint 2
d 3 3 3V2
(b) When t:%, d_i:_ECOt%:_E’ xzx/aandsz,so the tangent line
3w 3 5
equation is y——=——(x— 2).
2 2
2t—4
8. (@) D27t i Vo gand B,
dx 1 dt dt

d d.
(b) A horizontal tangent occurs when ?J; =0 and j); # 0, so a horizontal tangent

occurs when 2t -4 =0,oratt=2. Whent=2,x=7and y=-4,s0a
horizontal tangent occurs at the point (7, -4). A vertical tangent occurs when
d d

& 0 and L4 #0.

dt dt

Since 1 # 0, there is no point of vertical tangency on this curve.

dy _3°-3
de  2t-1

with @=3t2—3 and @=2t—l.
dt dt

9. (a)

d. d
(b) A horizontal tangent occurs when i =0 and z); # 0, so a horizontal tangent
occurs when 3t - 3 =0, or when t=+1. Whent=1,x=1and y = -2, and
when t = -1, x = 3 and y = 2, so horizontal tangents occur at the points (1, -2)
and (3, 2).

dx d
A vertical tangent occurs when 7 0 and ?y # 0 so a vertical tangent occurs
t t

3 1
, x=— and y:—g,soavertical

1 1
when 2¢—1=0, 0r t =—. When t=—
2 2 4

. 3 11
tangent occurs at the point Z, - |

20
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d d
10. (a) —=4C—O,St=—2cott with —y:4c0st and —x:—2sint.
dx —2sint dt dt

d d.
(b) A horizontal tangent occurs when ?y =0and == #0, so a horizontal tangent

3
occurs when 4cost=0,oratt:% and t:—ﬂ.Whent= %,x:Sandy=3,

3
and when 7 = 7” ,x =3 and y = -5, so horizontal tangents occur at the points
(3.3) and (3,-5).
. dx dy .
A vertical tangent occurs when i 0 and — # 0, so a vertical tangent

occurs when —2sin¢=0,or whent=0 and t =7 . When =0,
x=5and y=-1,and when =7, x=1and y =-1, so vertical tangents

occur at the points (5, - 1) and (1, —1).

1Ls=] \/[dtj +[—yj di={"\(20) +(32) dr= | Nar +or* ar.

m_;J(dtH@] i o T+ = [ a5

21
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Day 3: Review of Motion Along a Line

My students study motion along a line early in the year, so this assignment is a review
for them. I like to spend a day on motion along a line as a segue into motion along a
curve. For an excellent introduction to motion along a line, see the Curriculum Module
on motion by Dixie Ross at AP Central®. (http://apcentral.collegeboard.com/apc/public/
repository/AP_CurricModCalculusMotion.pdf)

Day 3 Homework

The following problems are from old AP Exams and the sample multiple-choice problems
in the Course Description, available at AP Central
(http://apcentral.collegeboard.com/apc/public/courses/teachers_corner/2118.html).

Multiple-Choice Items:

1. 2003 AP Calculus AB Exam, Item 25 (no calculator):
A particle moves along the x-axis so that at time # > 0 its position is given by

x(t) =213~ 212 +72¢ — 53. At what time ¢ is the particle at rest?
(A)t=1only
(B) t=3 only
7
C) t=— onl
(C) 1= only
7
(D) t=3and t:E

(E)t=3andt=4

2. 1998 AP Calculus AB Exam, Item 24 (no calculator):
The maximum acceleration attained on the interval 0 <7 <3 by the particle whose

velocity is given by v(t) = =32 +12t+4 is
(A)9
(B) 12
(C) 14
(D) 21
(E) 40
22
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3. AP Calculus AB, sample multiple-choice Item 9 (no calculator):
The position of a particle moving along a line is given by

s(¢)=267—24¢% + 90t +7 for 120,
For what values of ¢ is the speed of the particle increasing?

(A)3<t<4only

(B) t>4 only

(C) t>5only
(D)0<t<3andt>5

(E)3<t<4andt>5

4. 2003 AP Calculus AB Exam, Item 76 (calculator):
A particle moves along the x-axis so that at any time 7 > 0, its velocity is given by

v(z‘) =3+ 4.1c0s(0.9¢). What is the acceleration of the particle at time ¢ = 4?
(A) -2.016

(B) ~0.677

(C) 1.633

(D) 1.814

(E) 2.97

5. 2003 AP Calculus AB Exam, Item 91 (calculator):
A particle moves along the x-axis so that at any time ¢ > 0, its acceleration is
given by a(t) = ln(l +2! ) If the velocity of the particle is 2 at time ¢ = 1, then the
velocity of the particle at time t = 2 is

(A) 0.462
(B) 1.609
(C) 2.555
(D) 2.886

(E) 3.346

23
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6. AP Calculus AB, sample multiple-choice Item 19 (calculator):
Two particles start at the origin and move along the x-axis. For 0 <7 <10, their
respective position functions are given by x, =sinz and x, = ¢ —1. For how
many values of ¢ do the particles have the same velocity?

(A) None
(B) One
(C) Two
(D) Three

(E) Four

7. AP Calculus AB, sample multiple-choice Item 15 (calculator):

_ 1
A particle travels along a straight line with a velocity of v(t) = 3e( /2 ) sin(2t)
meters per second. What is the total distance traveled by the particle during the
time interval 0 <7 <2 seconds?

(A) 0.835
(B) 1.850
(C) 2.055
(D) 2.261

(E) 7.025

Free-Response Questions:

8. 2004 AP Calculus AB Exam, FRQ 3 (calculator):
A particle moves along the y-axis so that its velocity at time ¢ > 0 is given by

v(t) =1—tan™' (et). At time ¢ = 0, the particle is at y = —1. (Note: tan™' x = arctan x.)
(a) Find the acceleration of the particle at time t = 2.

(b) Is the speed of the particle increasing or decreasing at time ¢ = 2? Give a reason
for your answer.

(c) Find the time # > 0 at which the particle reaches its highest point. Justify your
answer.

(d) Find the position of the particle at time ¢ = 2. Is the particle moving toward the
origin or away from the origin at time ¢ = 2? Justify your answer.

24
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2006 AP Calculus AB/BC Exams, Item 4 (no calculator):

t (seconds) 010 |20 | 30|40 | 50|60 | 70 | 80
v(f) (feet per second) 5114122129 | 35|40 | 44 | 47 | 49

Rocket A has positive velocity v(t) after being launched upward from an initial
height of 0 feet at time ¢t = 0 seconds. The velocity of the rocket is recorded for
selected values of t over the interval 0 <7 <80 seconds, as shown in the table
above.

(a) Find the average acceleration of rocket A over the time interval 0 <7 <80
seconds. Indicate units of measure.

70
(b) Using correct units, explain the meaning of -[10 v(t)dt in terms of the rocket’s
flight. Use a midpoint Riemann sum with 3 subintervals of equal length to

approximate J:{)O v (t) dt .

(c) Rocket B is launched upward with an acceleration of a (t) = feet per

3
Vit +1
second. At time ¢ = 0 seconds, the initial height of the rocket is 0 feet, and the
initial velocity is 2 feet per second. Which of the two rockets is traveling faster
at time t = 80 seconds? Explain your answer.

Answers to Day 3 Homework

1.

Since x'(t) = 61>- 42t + 72 = 6(t* - 7t + 12) = 6(t — 3)(t - 4) = 0 when t = 3 and
when t = 4, the answer is E.

Note that a(t) = 3t - 6t + 12, so that a'(f) = 6t - 6 = 0 when ¢ = 1. Computing the
acceleration at the critical number and at the endpoints of the interval, we have
a(0) =12, a(1) =9, and a(3) = 21. The maximum acceleration is 21, so the answer
is D.

Note that v(t) = 6t — 48t + 90 = 6(t — 3)(t — 5) and a(t) = 12t — 48 = 12(t - 4).

The speed is increasing on 3 < t < 4, where the velocity and the acceleration are
both negative, and also for t > 5, where the velocity and the acceleration are both
positive, so the answer is E.

Since i[3+4.lcos(0.9tﬂ = 1.633, the answer is C.
dt

t—4

Since v(2) =2+ leln(l + 2’)dt = 3.346, the answer is E.
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6. First find %[sin t] =cost and %[e‘”] =—2¢ . Then graph y, = cos xand y, =

-2¢** in function mode with an x-window of [0, 10] and a y- window of [-1, 1].

The two graphs intersect at three points, so the answer is D.
| z 21 () |
7. Distance = j ‘v(t)dt = J ‘38 2 s1n(2t)‘dt =2.261 , so the answer is D.
0 0
8. (a) a(2) =v'(2) =-0.132 or -0.133.

(b) v(2) = - 0.436. Since a(2) < 0, and v(2) < 0, the speed is increasing.

(c) Note that v(t) = 0 when tan™!(e’) = 1. The only critical number for
yist=In(tanl) = 0.443. Since v(t) > 0 for 0 < t < In(tan 1) and
v(t) < 0 for t > In(tanl), y(t) has an absolute maximum at f = 0.443.

(@) y(2)=-1+ j:v(z)dr — 1360 or —1.361.
Since ¥(2) < 0 and y(2) < 0, the particle is moving away from the origin.

9. (a) Average acceleration of rocket A is

v(80)-v(0) 495
80-0 80

11
— ft /sec’.
20

70
(b) Since the velocity is positive, JlO v(t) dt represents the distance, in feet, traveled

by rocket A from ¢ = 10 seconds to t = 70 seconds. A midpoint Riemann sum is
20[ v(20)+ v(40) + v(60) | = 20(22 + 35+ 44) = 2020t

(c) Let v, (t) be the velocity of rocket B at time ¢. Then

vB(t)zj 3 1aft=6\/m+C.Since 2=vB(0):6+C,thenC=—4and
t+
Ve (t) = 6\/t+_1—4. Hence, v, (80)= 50>49 = v(80) and Rocket B is

traveling faster at time ¢ = 80 seconds.
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Day 4: Motion Along a Curve —
Vectors

I give my students the following list of terms and formulas to know.

Parametric Equations, Vectors, and Calculus —
Terms and Formulas to Know:

If a smooth curve C is given by the equations x = 1 (t) and y = g(t), then the slope of C

&
dt

at the point (x, y) is given by % = where % # 0, and the second derivative is given
x  dx

dt

d|dy
d’y d|dy dt| dx
dx '

dezzg__ @
dt

The derivative % also may be interpreted as the slope of the tangent line to the
x

curve C, or as the slope of the path of a particle traveling along the curve C, or as the rate
of change of y with respect to x.

. dhy .

The second derivative d—J; is the rate of change of the slope of the curve C with
x

respect to x.

dx . . . . . .
x'(t) = is the rate at which the x-coordinate is changing with respect to ¢ or the
velocity of the particle in the horizontal direction.
d
y’(t) = ?J;is the rate at which the y-coordinate is changing with respect to ¢ or the

velocity of the particle in the vertical direction.
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, Y t)> is the position vector at any time .
), y’(t)> is the velocity vector at any time t.

x”(t), y”(t)> is the acceleration vector at any time t.

2 2
d d
\/ [ﬁj + (?);j is the speed of the particle or the magnitude (length) of the

velocity vector.

2 2
bl d d
Ja \/ (ij + (%} dt is the length of the arc (or arc length) of the curve from
t =a tot = b or the distance traveled by the particle from /1 =a tot = 5.

Most textbooks do not contain the types of problems on vectors that are found on
the AP Exam, so I supplement with the examples and worksheets below.

Example 1 (no calculator):
A particle moves in the xy-plane so that at any time ¢, the position of the particle is given
by x(¢)=1+4¢, y(t)=1' -7,

(a) Find the velocity vector when ¢ = 1.

Solution:
dx dy d d
v(;) = <E’ E> = <Z( 3 +412), E(z“ —13)> = <3t2 +81, 48 — 3t2>
v(1)=(11,1)
(b) Find the acceleration vector when t = 2.

Solution:

alt) <%(%), %(%D = <%(3t2 +81), %(M3 ~ 3 )> =(6+8, 126 —6t )

a(2)=(20, 36)

Example 2 (no calculator):

A particle moves in the xy-plane so that at any time ¢, # > 0, the position of the particle is
given by x(t) = 1> +3t, y(t) = > —3¢*. Find the magnitude of the velocity vector when ¢ = 1.

28

© 2010 The College Board.



Vectors

Solution:

The magnitude or length of the velocity vector can be found by using the Pythagorean
Theorem, since the horizontal and vertical components make a right triangle, with the
vector itself as the hypotenuse. Therefore its length is given by:

2 2
Magnitude of velocity vector = \/ (@J + (ﬂ)

dt

dx

dt

For our problem, dx = i[tz + 3t] =2t+3 and & = i[ﬁ - 31‘2] = 3" —6t.
dt dt dt dt

. . 2 2 2
Magnitude of velocity vector = (2t + 3) + (3t - 6t)

_ V2549 =134,
t=1

Notice that the formula for the magnitude of the velocity vector is the same as the formula for
the speed of the vector, which makes sense since speed is the magnitude of velocity.

Example 3 (no calculator):
A particle moves in the xy-plane so that

x=\/§—4costand y=1-2sint¢, where 0<¢<2m.

The path of the particle intersects the x-axis twice. Write an expression that
represents the distance traveled by the particle between the two x-intercepts. Do not evaluate.

Solution:

The path of the particle intersects the x-axis at the points where the y-component is equal

) . 1
to zero. Note that 1—2sin7=0 when sin¢= 5 For 0 <t <2m, this will occur when

t= r and ¢ = S—ﬂ.Since @21[6—4005 t}:4sint and Q: i[l—2sin t]=—2cos t
6 6 dt dt dt dt

Sm/ . \2 2
the distance traveled by the particle is Distance = j v/ (4 sin t) + (—2 cos t) dt.
6
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Day 4 Homework

Use your calculator on problems 10 and 13c only.

1.
2.

10.

11.

3 d
If x=¢t*—~1and y=¢", find <
dx
If a particle moves in the xy-plane so that at any time ¢ > 0, its position vector is
<ln(t2 + 51‘), 3¢ > , find its velocity vector at time ¢ = 2.
A particle moves in the xy-plane so that at any time ¢, its coordinates are given by

x=1 —1 and y=3r*—2¢. Find its acceleration vector at t = 1.

If a particle moves in the xy-plane so that at time ¢ its position vector is

: 4
<sm(3t - Ej 3t > , find the velocity vector at time # = %

A particle moves on the curve y =Inx so that its x-component has derivative
x’(t) =t+1for ¢t 20.At time t = 0, the particle is at the point (1, 0). Find

the position of the particle at time t = 1.

A particle moves in the xy-plane in such a way that its velocity vector is

<1 +1, ;3>. If the position vector at t = 0 is <5, O>, find the position of
the particle at ¢ = 2.
dy

A particle moves along the curve xy =10. If x =2 and - 3,

what is the value of ? ?
t

The position of a particle moving in the xy-plane is given by the parametric

3
equations x = £ - 512 —18t+5and y= > — 6% +9¢ + 4. For what value(s) of
t is the particle at rest?

A curve C is defined by the parametric equations x = ¢* and y = ¢* — 5¢ + 2. Write
the equation of the line tangent to the graph of C at the point (8, —4).

A particle moves in the xy-plane so that the position of the particle is given by
x(t) =5t+3sint and y(t) = (8 - t)(l —cos t). Find the velocity vector at the time
when the particle’s horizontal position is x = 25.

2
The position of a particle at any time ¢ > 0 is given by x(t) =*-3 andy(t) = §t3.

(a) Find the magnitude of the velocity vector at time ¢ = 5.

30

© 2010 The College Board.



Vectors

(b) Find the total distance traveled by the particle from t =0to t = 5.

d
(c) Find o4 as a function of x.
dx

12. Point P(x y) moves in the xy-plane in such a way that & _ b and

dt  t+1
d—);:thor t=0.

(a) Find the coordinates of P in terms of ¢ given that, when =1, x =1n2 and y = 0.
(b) Write an equation expressing y in terms of x.
(c) Find the average rate of change of y with respect to x as ¢ varies from 0 to 4.
(d) Find the instantaneous rate of change of y with respect to x when ¢ = 1.

13. Consider the curve C given by the parametric equations x =2—3cos ¢ and

y=3+2sint,for _ESZSE,
2 2

(a) Find & as a function of t.
dx

(b) Find the equation of the tangent line at the point where ¢ = %

(c) The curve C intersects the y-axis twice. Approximate the length of the curve
between the two y-intercepts.

Answers to Day 4 Homework

dy d A
1. Q:E: E[e } =3tzet3 :3tet3.
dx  dx i[tz—l] 21 2
dt dt
2. dx dy 2Z+5 % V(Q): 2’12
£ +5¢ 14
3. <§’ > 4 12t 612>
t
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2

5. x(t)zj(t+1)dz=%+t+c.

x(0)=1=Cso x(t):§+t+1.

Since x(l) = % and y(l) = ln(%], Position = (%, ln(gn
5

Or, since x(l):l+Jol(t+1)dt:§ and y(l):ln[%j, Position = %, IH(E] .

6 x(t)=J(1+Jdr=r++C. x(0)=550 C=Sand x{r)=1+5 45
4

t

o(0)= [P dr="+D. 4(0)=050 D=0and y(1)="

2 4
.. t t ..
Position vector = <t + 3 +5, Z> At t =2, Position = (9, 4).

Or,since x(2)=5+ [ (1+)dr=9 and y(2)=0+ [ F dr =4,
Position = (9, 4).

7. Whenx=2,y=5.

xd—y + yﬂ =0
dt dt
d d
(2)(3)+5E =050 -
dt dt 5
dy
d 10 dy g -10 3
Or find that £ =~ Then substituting into &2 _dr gives —— = — so that
de X’ dx dx 4 dx
r_ 6 di dr
dt 5°

8. x'(t)=3t2—3t—18=3(t—3)(t+2)=0when t=3andt=-2.

y'(t)=3"=12t+9=3(t-1)(r—3)=0 when t=3and r=1.

The particle is at rest when v(t) = <O, O> so at rest when ¢ =3.
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9. °=8 P —5t+2=—4
t

=2 *=5t+6=0
(¢-3)(r-2)=0
t=3,¢=2

At (8,—4) when ¢=2

dy| _2t-=5 1

x|, ¥, 12

1
Tangent line equation: y+4=— E(x — 8)

10. 5¢+43sint =25 when ¢=5.445755...
dx dy

v(t) = <E’ ?t> = <5+3cos t,—1+cost+(8—t)sin t>

v(5.445755...) = (7.008, —2.228)

= 2600 or 10826

(=5
3
%(262 - IJ
3

11. (a) Magnitude when 7=35is (Zt)2 +(2f2 )2
(b)

Distance = J 1/ 2t 21 dt _[ 20N1+¢% dt = (1+t )

d 242
(c) y E—t:\/x+3
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12. (a)x(t):‘[t_%ldt In(t+1)+C. When t=1,x=In2s0o C=0
x(¢)=In(z+1)
(t)= jztdt ?+D. When t=1,y=0s0 D=—1.
y(t)=1 -1

- x(b)—x(a) x(4)—x(0) m5—Inl  In5

Ll

(d) Instantaneous rate of change = 1
x

=1
t+1t=1
a’y 2cost 2

= —cot?
dx  3sint 3

(b) y— (3+J—)—[x—[2—in

(c) x=0when 7 =-0.84106867..., 0.84106867...

13. (a)

length = JOS " \/ 3sin 1)2 +(2cost)2 dt =3.756 or 3.757
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Day 5: Motion Along a Curve —
Vectors (continued)

Example (calculator):
An object moving along a curve in the xy-plane has position (x(t), y(t)) at time ¢
d. . d
with &5 = sm(t3), LA cos(tz). At time f = 2, the object is at the position (1, 4).
dt dt
(a) Find the acceleration vector for the particle at t = 2.
(b) Write the equation of the tangent line to the curve at the point where ¢ = 2.
(c) Find the speed of the vector at t = 2.

(d) Find the position of the particle at time ¢ = 1.

Solution:

d d
(a) Students should use their calculators to numerically differentiate both ?); and &

when £ = 2 to get a(2) = (~1.476, 3.027). a

d 4
(b) When t =2, 2 _ c9s or —0.661, so the tangent line equation is
dx sin8
cos4
4= x—1) or y—4=-0.661({x—1).
yod=——(x=1) or y (x-1)

Notice that it is fine to leave the slope as the exact value or to write it as a decimal
correct to three decimal places.

2 2
() Speed=\/(%) +(%J :\/(sin8)2+(cos4)2 or 1.186

Notice that it is fine to leave the speed as the exact value or to write it as a
decimal correct to three decimal places.

(d) Students should apply the Fundamental Theorem of Calculus to find the x and y
components of the position.

=@ [l =) [
=1—Lzsin(t3)dt =4—j12cos(tz)dt

Therefore the position at time ¢ = 1 is (0.782, 4.443).
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Day b Homework

Use your calculator on problems 7-11 only.

1.
2.

10.

If x=e¢* and y = sin(3t), find & in terms of ¢.
dx

Write an integral expression to represent the length of the path described by the
. T
parametric equations x = cos’ ¢ and y =sin’ ¢ for 0 < ¢ < by

For what value(s) of t does the curve given by the parametric equations
x=0—t*—1 and y=1r*+2* -8t have a vertical tangent?

For any time ¢ > 0, if the position of a particle in the xy-plane is given by
x=t"+land y= ln(2t + 3), find the acceleration vector.

Find the equation of the tangent line to the curve given by the parametric

equations x(t) =3t —4r+2 and y(t) =’ — 4t at the point on the curve
where t = 1.

If x(t) =e' +1and y=2¢e" are the equations of the path of a particle moving in
the xy-plane, write an equation for the path of the particle in terms of x and y.

A particle moves in the xy-plane so that its position at any time ¢ is given by
X = cos(St) and y =1’. What is the speed of the particle when t = 2?

The position of a particle at time ¢ =0 is given by the parametric equations

(1-2)

x(1)= +4and y(t)=r"—4t+4.

(1)="— »(t)

(a) Find the magnitude of the velocity vector at ¢ = 1.

(b) Find the total distance traveled by the particle from t=0to t = 1.
(c) When is the particle at rest? What is its position at that time?

An object moving along a curve in the xy-plane has position (x(t), y(t)) at

Vi . Find the acceleration

time 7 >0 with o _ 1+ tan(tz) and @ _ 3e
dt dt

vector and the speed of the object when ¢ = 5.

A particle moves in the xy-plane so that the position of the particle is given by

x(t) =t+cost and y(t) =3t+2sint, 0 <t <. Find the velocity vector when

the particle’s vertical position is y = 5.
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11. An object moving along a curve in the xy-plane has position (x(t), y(t)) at
d. d
time ¢ with = = 2sin(t3) and < = cos(tz) for 0<r<4. Attime t = 1, the
dt dt
object is at the position (3, 4).
(a) Write an equation for the line tangent to the curve at (3, 4).
(b) Find the speed of the object at time ¢ = 2.
(c) Find the total distance traveled by the object over the time interval 0 <7 <1.

(d) Find the position of the object at time ¢ = 2.

Answers to Day 5 Homework

dy 3cos(3t)
de 202

V3
2. Length = joz \/9 cos® #sin? ¢+ 4sin’ tcos® ¢ dt

dy 48 +4r-8
2 ——— is undefined when 3t°-2t=0,
dx 3t° -2t
So the curve given by the parametric equationsx =# - - 1 and y = #* +2¢* - 8¢

2
has a vertical tangent when7=0and = —.

s v(t)=<2t, 2 3>, alt) - z,_ﬁ

dy
dx

324
6t—1

1
=——. When t=1x=1, y=-3.
_ 2
t=1 t=1
. . 1
Tangent line equation: y+3=— E(x - 1)

2 = x2 —2x+1. Then y=2¢" s0 y:2x2—4x+2.

7. Speed =\/(—5sin(5t))2 +(3t2)2

6. ¢=x—1s0 e

=12.304
=2
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_\5

8. (a) Magnitude = \/(t - 2)4 + (2t - 4)2

t=1

(b) Distance = I;\/(t - 2)4 + (21‘— 4)2 dt = 3.816

(c) The particle is at rest when v(t) = <(t — 2)2 , 2t — 4> = <0,0>, so is at rest when
t = 2. Position = (4, 0)

=28.083

9. a(5)=(10.178, 6.277), speed = \/(1 + tan(tz))z +(3e" )2
10. 3¢+ 2sint =5 when #=1.079...
v(1.079...) = (0.119, 3.944)

t=5

. (a)@: cos(tz)

e 2sin(t3) =0.321

t=1

Tangent line equation: y —4 = O.321(x — 3)

=2.084
t=2

(b) Speed = \/4 sin’ (t3) + cos? (t2 )

(c) Distance = J;\/4 sin’ (13) +cos’ (tz) dt =1.126

(d) x(2) =3+ [ 2sin(*)dr =3.436, y(2) =4+ | "cos(1*)dr =3.557 so position
_ (3.436,3.557)
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Day 6: Motion Along a Curve —
Vectors (continued)

I don’t work any examples on Day 6. The students usually need a little more practice on
vectors, but no new material is covered in the Day 6 homework.

Day 6 Homework

Use your calculator only on problems 3-7.

2
1. The position of a particle at any time ¢ > 0 is given by x(t) =1*-2, y(t) = §t3.

(a) Find the magnitude of the velocity vector at t = 2.

(b) Set up an integral expression to find the total distance traveled by the particle
fromt=0tot=4.

(c) Find Q as a function of x.
dx

(d) At what time t is the particle on the y-axis? Find the acceleration vector at this time.

2. An object moving along a curve in the xy-plane has position (x(t), y(t)) at time ¢
with the velocity vector v(t) = [:11, 2t]. At time t = 1, the object is at (In 2, 4).
(a) Find the position vector.
(b) Write an equation for the line tangent to the curve when ¢ = 1.

(c) Find the magnitude of the velocity vector when ¢ = 1.

(d) At what time ¢ > 0 does the line tangent to the particle at (x(t), y(t)) have a
slope of 12?

3. A particle moving along a curve in the xy-plane has position (x(t), y(t)), with
x(t) =2t +3sin ¢ and y(t) =t +2cost, where 0<¢<10. Find the velocity vector
at the time when the particle’s vertical position is y = 7.

4. A particle moving along a curve in the xy-plane has position (x(t) , y(t)) at time ¢
d. . d
with i =1+ sm(t3 ) The derivative th} is not explicitly given. For any time ¢, t
> 0, the line tangent to the curve at (x(t),y(t)) has a slope of t + 3. Find the

acceleration vector of the object at time ¢ = 2.
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5.

An object moving along a curve in the xy-plane has position (x(t), y(t)) at time

t with ax_ cos(et) and Y sin(e’) for 0<7<2. Attime ¢ = 1, the object is at
dt dt

the point (3, 2).

(a) Find the equation of the tangent line to the curve at the point where ¢ = 1.

(b) Find the speed of the object at t = 1.

(c) Find the total distance traveled by the object over the time interval 0 <7< 2.

(d) Find the position of the object at time ¢ = 2.

A particle moving along a curve in the xy-plane has position (x(t), y(t)) at time
t with % = sin(t3 - t) and % = cos(z‘3 - t). At time t = 3, the particle is at the
point (1, 4).

(a) Find the acceleration vector for the particle at ¢ = 3.

(b) Find the equation of the tangent line to the curve at the point where t = 3.
(c) Find the magnitude of the velocity vector at ¢ = 3.

(d) Find the position of the particle at time ¢t = 2.

An object moving along a curve in the xy-plane has position (x(t), y(t)) at time ¢
with % =2+ sin(e’). The derivative % is not explicitly given. At t = 3, the
object is at the point (4, 5).

(a) Find the y-coordinate of the position at time = 1.

d d
(b) At time t = 3, the value of d_y is —1.8. Find the value of z); when t = 3.
X

(c) Find the speed of the object at time ¢ = 3.
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Answers to Day 6 Homework

NE

t=2

1. (a) Magnitude = (2t)2 + (th )2

4
(b) Distance = jo V4t +4¢* dt

2
© D_20_,_ 2
dx 2t I
(d) Particle is on the y-axis when ¢ = \/5 ,and — =2¢—1
t

2. (a) x(t)=J:11dt=ln(t+l)+C. Since x(1)=1n2, C=0.
y(l):4, D=3 .Since y(l):4’ D=3.

Position vector = (ln(t+1),t2 + 3)

dy 2
(b) Whent=1, d_y 7" 4 so the tangent line equation is y —4 = 4(x —In 2).
x
2
2
(c) Magnitude = L + (21)2 = @
r+1 2
=1

dy
(d) 2 =" =2(r+1)=12 when 27 +2t-12=050 1=2
dx 1

r+1

3. £ +2cost=7 when 1=2.996... v(2.996...)=(-0.968, 5.704)
dy (d .

4. %:[?ﬂ(ﬁ?)): (1+sin*)(r+3) so a(2)=(-1.746, - 6.741)

5. (a) Whent=1,

dy sin(e’)
dx cos(et)

=—0.451 so the tangent line equation is y—2 = —0.451(x - 3)

t=1

(b) Speed = \/(cos(e’))z +(sin(¢'))’ )
(© Distance = [ [[cos(e!))" + (sin(e')) ar =2

(@) x(2)=3+ [ “cos(e)dr =2.896, y(2) =2+ [ "sin(e')dr = 1.676
so position = (2.896, 1.676)
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6.

(a) a(3) = (11.029, 23.545,
(b)

dy cos(t3 - t)
E - sin(t3 — t)

=—0.468 so the tangent line equation is y —4 = —O.468(x — 1)

t=3

(c) Magnitude = \/(sin(t3 - z‘))2 + (cos(z‘3 - t))z =1
=3

(@) x(2) =1 [ 'sin(r 1) dr=0.932, y(2) =4~ [ cos(r* ~1)dr = 4.002 so the
position = (0.932, 4.002)

(@) y(1)=5- jf(z + sin(e’))dt ~1.269

(b) Q=M=—l.8 SO ﬁ :2+Si1'1(€3): —1.636
A dx il - -18
dt
2+sin(e3) ’ 2
(c) Speed = [T] +(2+ sin(e3)) = 3.368
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