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Question 6
(a) £(0)=0 1: £"(0), £"(0), and £ (0)
f(0) =1 319 1 : verify terms
f1(0) =-1(1) = -1 1 : general term
f"0)=-2(-1)=2
790 = -3(2) = -6
The first four nonzero terms are
O+1x+_—1x2 +£x3 +_—6x4 =x—ﬁ+ﬁ—ﬁ
2! 3! 4! 2 3 4
_\ntlon
The general term is (l)—x
Q0 (_1 n+l
(b) For x =1, the Maclaurin series becomes ZT 2 : converges conditionally
n=l with reason

The series does not converge absolutely because the harmonic series
diverges.

The series alternates with terms that decrease in magnitude to 0, and
therefore the series converges conditionally.

X 2 3 4 1 n+1 /"
(c) Ixf(t)dt= PR Y S AN Gl AL S 1 : two terms
0 2 3 4 n .
0 3 : 4 1:remaining terms
[ B A N A B A s (_1)n+1 o+ . 1=x 1 : general term
|2 32 4.3 5.4 (n+1)n .
t=
2 3 4 5 n+l _n+l
ESNS SUNG N S o) N S
T2 76 12 20T T n
(d) The terms alternate in sign and decrease in magnitude to 0. By the 1 : error bound
alternating series error bound, the error P4(%) - g(%) is bounded
- (1/2)°
by the magnitude of the first unused term, |— 0 |
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Thus,
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Do not write beyond this border.

6A,

GA,

f(ﬂ"“l)(g) = _n-f(") (0) forall n 21

6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of f satisfy the conditions above.
The Maclaurin series for f converges to f(x) for |x| < 1.

2 3 4
XX x .
(a) Show that the first four nonzero terms. of the Maclaurin series for f are x — ) + 31 and write the

general term of the Maclaurin series for f.
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(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges
conditionally, or diverges at x = 1. Explain Jour reasop.tng

at =1, -#ke series s i"-’

B I e

ﬁg the @L?ﬁrﬂarfwﬂ? series. Wﬂ’?é’?za’:‘ ‘ﬁéwrfczm, it conveIges,
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Do not write beyond this border.

6
. NO CALCULATOR ALLOWED
CA, _ 6A,

(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = I; f(t) dr.
o ox R 1,2 3 _l_ Q_ 1 £ gy "
oot Phodes gxt e g A L

( 3,(0)’-‘"-'9)

n 4 - -
I'l(h.-l)

1
(d) Let f},[%] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = 2 where g is
the function defined in part (c). Use the alternating series error bound to show that
<3

11 1
&[5] - 8[5 < 500"
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NO CALCULATOR ALLOWED 6 B‘
f(0)=0
) =1

f(ﬂ+1)(0) =—n -f(“) (0) forall n 21

6. A function f has derivatives of all orders for —1 < x < 1, The derivatives of f satisfy the conditions above.
The Maclaurin series for f converges to f(x) for |x| < 1.
2 x3 x4

x
(a) Show that the first four-nonzero terms of the Maclaurin series for f are x — 5 + 34 and write the

general term of the Maclaurm series for f.

j{f_’ﬁ{rfl? S”—, C‘f % [G-) __O -
.:J _ s

(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges
conditionally, or diverges at x = 1. Explain your reasoning.
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NO CALCULATOR ALLOWED

(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x

g ' Non
Z o 2o
= " n fh+0) Hem

_oxt X% 2
g(xJ =8 E TR

1 1
(d) Let P”{E] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = = where g is

the function defined in part (c). Use the alternating series error bound to show that
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6c, ¢c,

f(0)=0
f(0)=1
£ 0) = —n £ (0) forall n > 1
6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of [ satisfy the conditions above,
The Maclaurin series for f conve for x| < L
x2 x3 x4
(a) Show that the first four nonzero terms of the Maclaurin series for fare x — 3 + ERE d write the

general term of the Maclaurin series for f.

; {n W
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(b) Determine whether the Maclaurin series described in part (a) converges absolutely converges
conditionally, or diverges at x = 1. Explain your reasoning.
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(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = IGX f(1) ar.

———

1 i 1
(d) Let 131[-2-] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = > where g is

the function defined in part (c). Use the alternating series error bound to show that
1 1 1
Bl=|—gl=|| < =
“[2] g[z]’<500
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AP® CALCULUS BC
2017 SCORING COMMENTARY

Question 6
Overview

In this problem students were presented with a function f that has derivatives of all orders for —1 < x < 1 such
that £(0) =0, f'(0)=1, and f"*D(0)=—-n-£™(0) forall n > 1. Itis also stated that the Maclaurin series

for f converges to f(x) for |x| < 1. In part (a) students were asked to verify that the first four nonzero terms of

2 3 4
the Maclaurin series for f are x — L+ 2 X andto write the general term of this Maclaurin series. The nth-

2 3 4
. . f“0) , , .
degree term of the Taylor polynomial for /" about x = 0 is e f(0)=0 and f'(0) =1 are given, and

the given recurrence relation for "*(0) can be readily applied to see that f"(0) = =1, f""(0) = 2,
F®(0) = -6, and f M(0) = (=1)"*"(n = 1)!. Using these derivative values, students needed to confirm that the

1\t n
first four nonzero terms of the Maclaurin series for f are as given, and that the general term is (I)Tx
[LO 4.2A/EK 4.2A1] In part (b) students were asked to determine, with explanation, whether the Maclaurin series
for f converges absolutely, converges conditionally, or diverges at x = 1. Substituting x = 1, students should
0 (_l)rH—l
have obtained that the Maclaurin series for f evaluated at x =1 is ZT Students needed to conclude that
n=1
this series converges conditionally, noting that the series converges by the alternating series test and that
0 1 n+l
3 (=D
n

n=l1

is the divergent harmonic series. [LO 4.1A/EK 4.1A4-4.1A6] In part (c) students were asked to find

the first four nonzero terms and the general term of the Maclaurin series for g(x) = _[: f(¢) dt. Students needed
to find these terms by integrating the Maclaurin series for f term-by-term. [LO 4.2B/EK 4.2B5] In part (d) using
the function g defined in part (c), the expression P, (%) represents the nth-degree Taylor polynomial for g about

x = 0 evaluated at x = % Students were directed to use the alternating series error bound to show that

174(%) - g(%)‘ < 5—(1)0 Students may have observed that the terms of the Taylor polynomial for g about x = 0,

alternate in sign and decrease in magnitude to 0. Thus, the alternating series error bound can
D) (L) o] /2
ol <=

Al3)-el3) <

20
than 5—(1)0 [LO 4.1B/EK 4.1B2] This problem incorporates the following Mathematical Practices for AP Calculus

(MPAC:S): reasoning with definitions and theorems, connecting concepts, implementing algebraic/computational
processes, building notational fluency, and communicating.

evaluated at x = %,

= showing that the error in the approximation is less

be applied to see that =37.20°
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Question 6 (continued)

Sample: 6A
Score: 9

The response earned all 9 points: 3 points in part (a), 2 points in part (b), 3 points in part (c), and 1 point in

part (d). In part (a) the student computes the numerical values of the derivatives in line 3 and earned the first
point. The student uses the derivatives in line 4 to verify the given expression and earned the second point. The
student produces a correct general term in line 5 using —1 with an exponent of »n — 1 rather than » + 1, which is
still correct. The student earned the third point. In part (b) the student correctly uses the alternating series test to
draw a conclusion of converges, identifies the harmonic series as divergent, and draws the correct conclusion of
converges conditionally. The student earned both points. In part (¢) the student produces the first four terms and
earned the first 2 points. The student presents a correct general term using indices of n rather than » + 1 and
earned the third point. In part (d) the student correctly computes the alternating series error and identifies it as the
bound on the error.

Sample: 6B
Score: 6

The response earned 6 points: 1 point in part (a), 2 points in part (b), 3 points in part (c), and no point in part (d).
In part (a) the student does not present the numerical values of the derivatives or include a proper verification. The
student did not earn the first 2 points. The student produces a correct general term and earned the third point. The
student is not penalized for using both lower and upper cases for #z in this question. In part (b) the student
correctly identifies the series as the alternating harmonic and the absolute value series as the harmonic. The
student draws the correct conclusion of converges conditionally. The student earned both points. In part (c) the
student produces the first four terms and the general term. All 3 points were earned. In part (d) the student does

not produce the numerical error value to verify that the error is less than SIW The student did not earn the point.

Sample: 6C
Score: 3

The response earned 3 points: 2 points in part (a), 1 point in part (b), no points in part (¢), and no point in

part (d). In part (a) the student computes the numerical values of the derivatives embedded in line 2 and earned
the first point. The student’s use of derivatives in the verification line is correct and earned the second point. The
student does not present a general term, so the third point was not earned. In part (b) the student concludes that the
alternating series converges conditionally, but the student does not explicitly address the series of absolute values
of the terms. The student earned 1 of the 2 points. In part (c¢) the student produces four terms, but only the first
term is correct. The student did not earn either of the first 2 points. The student does not produce a sufficient
general term because line 1 is formulaic. The student did not earn the third point. In part (d) the student correctly

computes the error bound based on the work in part (c) but does not connect Q(%) = ﬁ to the error. The

student did not earn the point.
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