Question 6
The derivative of afunction f is defined by
, g(x) for -4<x<0
f'(x) = /3 .
56 */* -3 for 0<x<4

T
The graph of the continuous function f’, shown in the figure above, has k : J\\ ,
0

x-interceptsat x = -2 and x = 3In(—). Thegraphof gon -4<x<0
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isasemicircle, and f(0) = 5.
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(b)
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y

Graph of f’

For —4 < x < 4, find all values of x at which the graph of f has a point of inflection. Justify your

answer.
Find f(-4) and f(4).

For —4 < x < 4, find the value of x at which f has an absolute maximum. Justify your answer.

(@

(b)

(©)

f’ changes from decreasing to increasing at x = —2 and from
increasing to decreasing at x = 0. Therefore, the graph of f has

points of inflectionat x = -2 and x = 0.

-4
f(—4)=5+j0 g(x) dx
—5-(8-27) =273

f(4)=5+ I;(Se‘x/3 - 3) dx

X=4

=5+ (-15e/° - 3x)|

=8-1564/3

Since f’(x) > 0 ontheintervals -4 < x < -2 and

—2< X< 3In(%), f isincreasing on the interval

5
4 < < =
4< x_3ln(3).

5

Since f’(x) < 0 ontheinterval 3In(g) <x<4 fis
decreasing on the interval 3In(§) <x<4

Therefore, f has an absolute maximum at X = 3In(g).

5 {l:identifiesx=—20rx=0
1: answer with justification

2: f(-4)
1:integra
1:vaue

5:13:1(4)

1:integra

1: antiderivative

1:vaue

) {1:anSNer
| 1:justification
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Do not write beyond this border.
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Graph of f’

l Work for problem 6(a) ]
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‘Work for problem 6(b)

Do not write beyond this border.
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Work for problem 6(c) |
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Do not write beyond this border.

Work for problem 6(a) I .ﬁé)/ v I Y "’ : -
-4 -7 O g‘d%‘\ —a ~Loa
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Continue problem 6 on page 15.
-14-
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Do not write beyond this border.

Work for problem 6(b)J
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= 456 % -2y n

= 563 ) - b O)
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Work for problem 6(c)

) vus on 0SSR Tosdrum oX - X = 3 (%)

beause. £ )P0 0% %= 2Wn(F) ok enonged
fronm & 10 o&*’}\w@)

—

GO ON TO THE NEXT PAGE.
15~
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Work for problem 6(a)
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Wofk for problem 6(b$ 'P/; | L/}'—":S:ééf)

4’(4) :\g{pl/ﬂdx = £q5c—M3~30QX

Work for problem 6(c)
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Question 6
Overview

In this problem a function f satisfies f(0) =5 and has continuous first derivative for —4 < x < 4. The graph of
f’ was supplied. For —4 < x < 0, the graph of f” is a semicircle tangent to the x-axis at x = —2 and tangent to

the y-axisat y =2. For 0 < x < 4, f'(x) = 573 _ 3. Part (a) asked for those values of x in the interval
-4 < x < 4 at which the graph of f has a point of inflection; these correspond to points where the graph of f’

changes from increasing to decreasing, or vice versa. In part (b) students had to use the given initial value for f
and the appropriate piece of f’ to find f(—4) and f(4). The former value required the evaluation of an integral

using geometry, and the latter required the evaluation of an integral via an antiderivative. Part (c) asked for the
value of x at which f attains its absolute maximum on the interval [-4, 4]. Using the derivative of f, students

should have concluded that f is increasing on [—4, 3In(§)} and decreasing on [3In(§), 4}, so that the

3 3
maximum must occur at X = 3In(%).
Sample: 6A
Score: 9

The student earned all 9 points.

Sample: 6B
Score: 6

The student earned 6 points: 2 points in part (a), 3 points in part (b), and 1 point in part (c). In part (a) the
student’s work is correct. In part (b) the student incorrectly uses f’(x) as the integrand in the definite integral for
f (—4). However, the student earned the integral point by giving the correct geometric evaluation of the integral

as 8 — 2z The student also earned the first 2 points for f(4). The student did not earn either value point. In

part (c) the student gives the correct absolute maximum. The justification point was not earned since the student does
not provide a global argument.

Sample: 6C
Score: 4

The student earned 4 points: 1 point in part (a), 3 points in part (b), and no points in part (c). In part (a) the student
earned the first point for one correct point of inflection but was not eligible for the justification point. In part (b)
the student earned the integral point for f(—4) as well as the first 2 points for f(4). The student did not earn
either value point. In part (c) the student’s work is incorrect. The student estimates the x-intercept as 1.5 instead of
using the information given in the question.
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