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Volumes of Solids of Revolution:
Rotating About a Line Other than
the x- or y-Axis

Catherine Want
University High School
Irvine, California

Questions involving the area of a region between curves, and the volume of the solid
formed when this region is rotated about a horizontal or vertical line, appear regularly

on both the AP® Calculus AB and BC exams. Student performance on this problem is
generally quite strong except when the solid is formed using a line of rotation other

than the x- or y-axis. Students have difficulty finding volumes of solids with a line of
rotation other than the x- or y-axis. My visual approach to these problems develops an
understanding of how each line of rotation affects the radius of the solid. The approach I
use (equivalent to the washer method) in the following four examples is what I have found
to be most effective in my own classroom.

The four examples I have chosen include a line of rotation below the region to be rotated,
above the region to be rotated, to the left of the region to be rotated, and to the right of the
region to be rotated.

The disk method is used in all four examples. All rotations result in a solid with a hole.
The “washer” method uses one integral to find the volume of the solid. I use two integrals,
finding the answer as the volume of a solid minus the volume of the hole. I have found
that when they set up these problems using two integrals, my students understand

better what each part of the integral, especially the integrand, represents. Thus, they are
successful with this type of problem.
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Example 1. Line of Rotation Below the Region to
Be Rotated

Let’s start by looking at the solid (with a hole) we get when we rotate the region bounded
by y=+x+2 and y =e" about the line y =-2.

The two curves intersect at the points (—1.980974, 0.13793483) and
(0.44754216, 1.5644623).

Color will be used to help visualize the problem situation. Using the same color for the
same feature consistently from problem to problem helps students follow the process

as they are learning to solve these problems. Orange will be used for the line of rotation.
Purple is used for the top curve and blue for the bottom curve.

Drawing the disks used to solve the problem helps students follow the steps in the setup
and ties the calculus “language” to what we are doing. I verbalize for my students what I
have written here for you while I draw the diagrams on the board. You may want to try
drawing the disks as I describe the procedure for you. All graphs were created using the
free program Winplot. My favorite Winplot tutorial is at
http://spot.pcc.edu/~ssimonds/winplot/.

I find that reflecting the original shaded region across the line of rotation helps me make a
drawing of the solid.

We will think of our solid as being made up of red disks minus green disks. The following
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graph is a representation.

First draw a typical red disk. Start by drawing a radius from the orange line of rotation
through the original shaded region until you get to the outside of the region. Stop at this
purple curve. Note: You can draw the disk in other ways. However, if the radius is not
drawn in this way, students often have difficulty getting the expression for the radius.
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Starting from the orange line of rotation, we move up (vertically) through the shaded
region. Vertical is the y direction, so the red radius involves “y”. Let y,upi be the
y-coordinate of a point on the purple curve, and picture y,..c as running vertically
from the x-axis to the purple curve. From the orange line of rotation, we have to move
two units up to get to the x-axis. Then we move from the x-axis to the purple curve to
complete the radius. Therefore, the radius of each red disk is

r=2+ Vpurple

The volume of a disk is just the volume of a cylinder where the thickness of the disk is the

height of the cylinder. So the volume of one disk is 77 - thickness . In this case, since the
radius of the red disk is vertical, the thickness (height) is horizontal. And since horizontal

is the x direction, the thickness is Ax. Since yyupe = VX +2, we have:

2
Volume of each red disk = 7*Ax = 7 (2 + Ypurpie)> Ax = JT(2 +Vx+ 2) Ax.

We now stack up n red disks from the point of intersection x = -1.980974 on the left to the
other point of intersection x = 0.44754216 on the right.

n 2
The sum of the volumes of these n red disks is given by EJ‘L’(Z + X, + 2) Ax.
k=1

The larger the number of disks and the thinner each disk, the smoother the stack of red
disks will be. Thus, to obtain a perfectly smooth red solid, we let n — © and Ax — 0. The
volume of this red solid is the limit of the sum of the volumes of #n red disks as n —
(and Ax —=0).

Volume of red solid =

im (S {2 o2 )

k=1

0.44754216

2
n(2 +Vx+ 2) dx =71.983363.

-1.980974

The points of intersection can be reported to three decimal places by either rounding or
truncating, but we cannot use these rounded answers for calculation because our final



A Curriculum Module for AP Calculus

answer may not be accurate to three decimal places as needed. The easiest thing to do is to
store these values in the calculator and then retrieve them when evaluating the integral.

L

Ly We now will find the volume of the green disks
— creating the hole. To draw a typical green disk, first
draw the radius from the orange line of rotation
until you hit the edge of the original shaded region.
Stop at the blue curve. Starting at the orange line of
rotation, we move up (vertically) to the edge of the
shaded region. Vertical is the y direction, so the
green radius involves “y”. Note that y;.. goes only
from the x-axis to the blue curve. From the orange
line of rotation, we have to move two units up to
I~ get to the x-axis. Then we move from the x-axis

61 to the curve to complete the radius. Therefore, the
radius of each green disk is 7 = 2 + e

¥

The volume of one disk is 77 - thickness . Once again, since the radius of the green disk
is vertical, the thickness (height) is horizontal. And since horizontal is the x direction, the
thickness is Ax . Since i = ", we have:

Volume of each green disk = 7 7*Ax = 7 (2 + yiue)* Ax = 71‘(2 +e )2 Ax.

We now stack up n green disks from the point of intersection x = —-1.980974 on the left to
the other point of intersection x = 0.44754216 on the right.

n 2
The sum of the volumes of these n green disks is given by Eﬂ(2 +e ) Ax.
k=1

To obtain a perfectly smooth green solid, we let n — o and Ax — 0. The volume of this
green solid is the limit of the sum of the volumes of n green disks as n — o (and Ax = 0).

0.44754216

Volume of green solid = lim [iﬁ(Z +e* )2 Ax] = f 7'17(2 +e )zdx = 52.258610.

k=1

n— oo

-1.980974

L
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7
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So, the volume of the solid we get when we rotate the region bounded by Y = Jx+2 and
v =¢" about the line y = -2 is: s

VOLUME of red solid - VOLUME of green solid

0.44754216 0.44754216

- [ ﬂ2+\/x+2)2dx_ ) Jr(2+e’“)2dx:19.724or19.725.

-1.980974 -1.980974

I have found that students are better able to focus on the idea of the solid of revolution as
a difference of two solids if I do not emphasize the role of limit notation in this process.
Therefore, in each example that follows, I will show how to write the volume of each red
disk and each green disk, and then will refer to the definite integral as the sum of infinitely
many disks.

Example 2. Line of Rotation Above the Region to
Be Rotated

Now let’s rotate the same region about y = 2. We're rotating the region bounded by
y=+x+2 and y = ¢* about the line y = 2.

The solid will be made up of red disks minus green disks.

To draw the red disks that make up the solid, first
draw the radius from the orange line of rotation
through the original shaded region until you get

to the outside of the region. Stop at the blue curve.
From the orange line of rotation through the
shaded region, we move down (vertically). Vertical
is the y direction, so the red radius involves “y”.
Now yyi.e goes from the x-axis to the blue curve.
This is not the red radius.

Notice that yy + radius = 2. Therefore, the radius r
of each red disk is 7 = 2 - yy.. The radius of the red
disk is vertical; the thickness (height) is horizontal.
Since horizontal is the x direction, the thickness is
Ax , and the volume is 7 r* - thickness .

Since yue = €, we have:
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Volume of each red disk = 7 7*Ax = 7 (2 - yie)? Ax = n(z e )2 Ax .

As in Example 1, the red disks are stacked up from x = -1.980974 on the left to x =
0.44754216 on the right. We use a definite integral to add up an infinite number of these
red disks. This gives us:

0.44754216

Volume of red solid = f T (2 —-é )de = 16.406065.

-1.980974

We will now find the volume of the green disks creating the hole.

o To draw the green disks that create the hole, first
draw the radius from the orange line of rotation

54 until you hit the edge of the original shaded region.
Stop at the purple curve. From the orange line of

4-.

rotation, we move down (vertically) to the edge
of the shaded region. Vertical is the y direction,
% so the green radius involves “y”. Note that ypupie
goes from the x-axis to the purple curve. This is
not the green radius. Notice that y,u.p. + radius =
2. Therefore, the radius r of each green disk is r =

2- Vpurple-

[ Zo)

it The volume of one disk is & »* - thickness . Once
again, since the radius of the green disk is vertical,
the thickness (height) is horizontal. And since horizontal is the x direction, the thickness

is Ax . Since ypupe = VX + 2, we have:

2
Volume of each green disk = 77°Ax = 77 (2 = Ypurpe)2Ax = 117(2 -Vx+ 2) Ax .

Again, the green disks are stacked up from x = -1.980974 on the left to x = 0.44754216 on
the right, and we use a definite integral to add up an infinite number of these green disks.
This gives us:

0.44754216

2
Volume of green solid = f m(2-~x+ 2) dx =7.870360.

-1.980974



Volumes of Solids of Revolution

So, the volume of the solid we get when we rotate the region bounded by y =+vx+2 and
y = ¢* about the line y =2 is:

VOLUME of red solid - VOLUME of green solid

0.44754216 0.44754216 2
- n(z _ ex) | n(z ~Jx+ 2) dx = 8.5357 = 8.535 or 8.536.
-1.980974 -1.980974
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Example 3. Line of Rotation to the Left of the
Region to Be Rotated

Now let’s rotate around the vertical line x = —3. We will rotate the region bounded by
y=~x+2 and y = ¢ about the line x = -3.

4 Our solid will be made up of red disks
minus green disks. To draw the red

21 disks that make up the solid, first draw
the radius from the orange line of

rotation through the original shaded

jﬁ region until you get to the outside of
’ the region. Stop at the blue curve. From

\ / the orange line of rotation, we move

right (horizontally) through the shaded
region. Horizontal is the x direction, so

«w_»

, , , , , , the red radius involves “x”. Now xp,. is
765 4 3 -2 -l I the x-coordinate of a point on the blue
curve, and can be pictured as running
horizontally from the y-axis to the blue
11 curve. This is not the radius.

¥ >

Notice that, in the first quadrant, radius = 3 + X, Where xy. is positive. In the second
quadrant,

radius = 3 - the distance from the y-axis to the blue curve.

But 1. is negative, so this distance is |xie| = — Xbie and we have radius = 3 - (- xpie) =
3 + e Therefore, the radius 7 of each red disk is 7 = 3 + Xpje.

The volume of one disk is 7 * - thickness . Since the radius of the red disk is horizontal,

the thickness (height) is vertical. And since vertical is the y direction, the thickness is Ay .
Since Ype = €, then e = In y and we have:

Volume of each red disk = 7 7*Ay = 7 (3 + xp1e)*Ay = ﬂ(3 +1In y)2 Ay.

Once again, we use a definite integral to add up an infinite number of these red disks. The
red disks are stacked up from y = 0.1379348256 on the bottom to y = 1.564462259 on the
top. This gives us:

1.564462259

Volume of red solid = f JT(3 +1In y)zdy .

0.1379348256
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We will now find the volume of the green disks creating the hole. To draw the green disks
that create the hole, first draw the radius from the orange line of rotation until you hit
the edge of the original shaded region. Stop at the purple curve. From the orange line

of rotation, we move right (horizontally) through the shaded region. Horizontal is the x
direction, so the green radius involves x. Now, xui is the x-coordinate of a point on the
purple curve and can be pictured as running horizontally from the y-axis to the purple
curve. This is not the radius. Notice again that in the first quadrant, radius = 3 + X,urple
where X, is positive. In the second quadrant,

radius = 3 - the distance from the y-axis to the purple curve.

But xpup is negative, so this distance is |Xpurpie| = —Xpurpie and we have
radius = 3 = (=Xpurple) = 3 + Xpurple- Therefore, the radius r of each green disk is 7 = 3 + xpurpie.

Since Vpurple = VX + 2, then Xpup. = ¥° — 2 and we have:
2
Volume of each green disk = w7*Ay = 7 (3 + Xpurpie)? Ay = Jr(3 + (y2 - 2)) Ay.

The volume of one disk is ¥ 7 - thickness . Since the radius of the green disk is horizontal,
the thickness (height) is vertical. And since vertical is the y direction, the thickness is Ay .

Again, we use a definite integral to add up an infinite number of these green disks stacked
up from y = 0.1379348256 on the bottom to y = 1.564462259 on the top. This gives us:

1.564462259

Volume of green solid = f m|3+ (y2 - 2))2dy .

0.1379348256

So, the volume of the solid we get when we rotate the region bounded by y =+vx+2 and
y =e" about the line x = -3 is:

VOLUME of red solid - VOLUME of green solid

1.564462259 ) 1.564462259 2
= [ aBemyfay- Jr(3+(y2 -2)) dy =15.5397 = 15.539 or 15.540.

0.1379348256 0.1379348256
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Example 4. Line of Rotation to the Right of the
Region to Be Rotated

Let’s now rotate about the line x = 1. We will rotate the region bounded by y = vx+2
and y = ¢*about the line x =1.

Our solid will be made up of red disks minus green disks. To draw the red disks that
make up the solid, first draw the radius from the orange line of rotation through the
original shaded region until you get to the outside of the region. Stop at the purple curve.
From the orange line of rotation, we move left (horizontally) through the shaded region.
Horizontal is the x direction, so the red radius involves “x”. Note that x,.. goes from the
y-axis to the (purple) curve. This is not the radius. Notice that in the first quadrant, radius
+ Xpurple = 1 Where x is positive. Or radius = 1 - X, In the second quadrant,

radius = 1 + the distance from the y-axis to the purple curve.

But Xyl is negative, so this distance is |Xpurple| = —Xpurpie and we have
radius = 1 + (=Xpurple) = 1 = Xpurple. This is the same expression for the radius as in the first
quadrant. Therefore, radius = 1 - Xpurple.

The volume of one disk is 7w * - thickness . Since the radius of the red disk is horizontal, the
thickness (height) is vertical. And since vertical is the y direction, the thickness is Ay .

We use a definite integral to add up an infinite number of these red disks stacked up from
y =0.1379348256 on the bottom to y = 1.564462259 on the top. This gives us:

1.564462259 5
Volume of red solid = f Jr(l - (y2 - 2)) dy.

0.1379348256

We will now find the volume of the green disks creating the hole.

AY To draw the green disks that create the
hole, first draw the radius from the

21 orange line of rotation until you hit the
edge of the original shaded region. Stop
at the blue curve. From the orange line
of rotation, we move left (horizontally)
A through the shaded region. Horizontal
is the x direction, so the green radius
involves “x”. Now xy,. goes from the
y-axis to the blue curve. This is not the
radius. Notice that in the first quadrant,
radius + xye = 1 where Xy is positive, or
radius = 1 - Xpjue.

¥ >

10
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In the second quadrant,
radius = 1 + the distance from the y-axis to the blue curve.
But ;. is negative, so this distance is | Xpue| = b1 and we have

radius = 1 + (=xpe) = 1 = X This is the same expression for the radius as in the first
quadrant. Therefore, radius = 1 - Xpjge.

The volume of one disk is ¥ 7 - thickness . Since the radius of the green disk is horizontal,
the thickness (height) is vertical. And since vertical is the y direction, the thickness is Ay .

We use a definite integral to add up an infinite number of these green disks stacked up
from y = 0.1379348256 on the bottom to y = 1.564462259 on the top. Since ;. = €*, then

Xowe = In y and we have:

1.564462259 5
Volume of green solid = f .7'[(1 —In y) dy.
0.1379348256

So, the volume of the solid we get when we rotate the region bounded by y =+vx+2 and
y = ¢* about the line x =1 is:

VOLUME of red solid - VOLUME of green solid

1.564462259 2 1.564462259 )
| :z(l—(y2 —2)) dv- a(1-Iny) dy =12.72067 = 12.720 or 12.721.

0.1379348256 0.1379348256

If the x- or y-axis is the line of rotation, the problem can be done in the same way as the
four examples shown here. The radius will just be the appropriate x or y value. Yes, there
are patterns in the integrand depending on the line of rotation. But there is no reason

to memorize patterns and take the chance of making a mistake. A drawing is all that is
needed to get a problem of this type set up correctly.

11
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AP Examination Questions

Problems from any calculus book can be used to practice this concept. Be careful, however,
that you don’t assign problems where the line of rotation goes through the interior of the
shaded region. This situation can be interesting but also can involve some tedious algebra.
You will notice when looking at the problems in the list below that there has never been an
AP question where the line of rotation goes through the interior of the shaded region.

Since 1997 the following free-response questions from the AP Calculus examinations have
involved revolving a region about a horizontal or vertical line.

1997 AB2d line of rotation x-axis 2004B | ABlc line of rotation y =3
1998 AB/BClc line of rotation x-axis AB1d line of rotation x=4
AB/BC1d line of rotation x-axis BCbb line of rotation x-axis
1999 AB/BC2b line of rotation x-axis 2005 AB/BCl1c line of rotation y =-1
AB/BC2c line of rotation y = k 2005B | AB1b line of rotation x-axis
2000 AB/BC1b line of rotation x-axis BC6b line of rotation x-axis
2001 ABlc line of rotation x-axis 2006 AB/BC1b |line of rotation y =-3
2002 AB/BC1b |line of rotation y =4 AB/BClc line of rotation y-axis
2002B | AB1b line of rotation x-axis 2006B | AB/BC1b |line of rotation y =-2
BC3b line of rotation x-axis 2007 AB/BC1b line of rotation x-axis
2003 AB/BC1b |line of rotation y=1 2007B | AB/BC1c |line of rotation y=1
2003B | ABlc line of rotation x-axis 2008B | AB1b line of rotation x =-1
2004 AB/BC2 line of rotation y = 2 2008B | BC4b line of rotation x-axis

For a complete listing of free-response questions, you can access
apcentral.collegeboard.com/apc/public/exam/exam_questions/index.html.

Practice Problems

12

Find the volume of the solid resulting from rotating the region enclosed by y = x

and y = x’ about the vertical line x =1.

Find the volume of the solid resulting from rotating the region enclosed by

y=sinx and y = x” about the horizontal line y =1.

Find the volume of the solid resulting from rotating the region enclosed by y = x

and y = x* about the vertical line x = 1.

Find the volume of the solid resulting from rotating the region enclosed by

y=sinx and y =x" about the horizontal line y =-1.
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Solutions to Practice Problems

1.

The radius of each large (red) disk is horizontal.

Red radius = 1 — Xpurple (outside) = 1 — \/; .
1 2
Volume of the red solid = fﬂ’(l - \/;) dy .
0

The radius of each small (green) disk is also horizontal.
Green radius = 1 — Xpjue (inside) = 1 — %/; .

! 2
Volume of the green solid = f Jr(l - i/; ) dy .
0

2 ! 2
Volume of the solid of revolution = fﬂi(l - \/;) dy - fﬂ(l - %/;) dy =0.2009.
0 0

The radius of each large (red) disk is vertical.

. 2
Red radius = 1 = Ypiue (ousige) = 1 = X
0.8767

Volume of the red solid = f n(l -x’ )zdx )
0

The radius of each small (green) disk is also vertical.

Green radius = 1 — Yyurple (insidey = 1 — SINX .
0.8767 )
Volume of the green solid = f 11:(1 - sinx) dx.
0

0.8767 0.8767

Volume of the solid of revolution = f JL'(] - xz) dx - f J'L'(l - sinx)zdx =0.573.
0 0

The radius of each large (red) disk is horizontal.

Red radius = 1 + Xpjue (outside) = 1 + i/; .
1 2
Volume of the red solid = fﬂ’(l + i/;) dy.
0

The radius of each small (green) disk is also horizontal.

Green radius = 1 + Xpurple inside) = 1 + 1/ y -

1
Volume of the green solid = ffl,'(l + J;)zdy :
0

1

Volume of the solid of revolution = fﬂ?(l + i/;)zdy - jn(l + ﬁ)zdy =0.838.
0

0

13
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4. 'The radius of each large (red) disk is vertical.

Red radius = 1 + Ypurple op) = 1 + sinx.
0.8767

2
Volume of the red solid = f Jr(l + sinx) dx.
0

The radius of each small (green) disk is also vertical.

Green radius = 1 + Vyiue otom) = 1 + x7.
0.8767

2
Volume of the green solid = f Jl'(l - xz) dx.
0

0.8767 0.8767
Volume of the solid of revolution = f .7'[(1 + sinx)zdx - f .7'[(1 +x° )zdx =1.131
0 0

or 1.132.
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